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THE EFFECTIVE VELOCITY OF ESCAPE -OF THE POWDER GAS FRQM A GUN 

Abstract 

The effeotioe vmlo@tjr of eroslpe of the powder1 gae frm a gun, WB 
defined by Eq, (l), is a‘quantity that ia independelpt of the m&m of the 
r'e%oilfag parta. A knowledge ofthia %aeape velooity permits the o~al~ula- , 
tsazl of the mdmum ve1ooitJT of free rmofl, a quantity of interret in the 
theory of dampd soooil, aad therefore of verlue in the daefgn of 8 reaoil 
lae~banfrsm. Although this emape velocity ia iadepentit of thw reooiling 
mama it depends m other faotorr , 80 tzmt the claa+n aesu llqmm Id&., that 
it bar a universal mlxmI is um&irfi~toryr 

It is tb purpose of thfs report to demlop a)mthod,for ]3redioting 
the escape velooity tlst will be mti.rf&ntory for mhes.of the ratio @f 

' the mwaa of thd obrge to th& of the projaotile arllarge as unity. The 
"I thmo+y Folluw~ Hugomiot in treating tti rafflux of gar Wter depw-bure of 

Mm pro$otile ar equivalent totha amptrying of a.rgaervoir through a nozzle, 
valuer of qu&titiee at the breeah being ueed for valuer in the reservoir.' 
In o+der, however, that the theory may hold for high valuer of 6 , m&urs 
at ejectia of the ratio8 of man pmmure and man denrity to breeoh mlues 
are derivled f'rom the S?MduokcS&@ srpeoial tsolution SW the m&&m of thm 
powder gas. 

The resulting qqtion ie applied to the 24Orma horitrer, M&l 1918, to 
the 3” oeacoarst gun,",Yedel 1898, emd to an*rll nrnm. Tim agreement for thg 
large caliber guns fo within 3% cm the average 
a8 l/s fmth% 3” gun* 

+ th% nrlue of E beipg QI laxge 
It E6 shRlm, mmover, that the extendon to valuee 

of E a6 loge ar unity doee n& involve more thm about a 5% oorreotioni thutr 
even if tk latter ehould be in error by 20%, only I$ poeeible error would ti' 
added. The equation ir thue expeotad to be equally mtisficrtory for E =l. 
A'acm~let# liet of the main equation end of the auxiliary formulaq ir giv%n 
ip the maBmMwy* 

A,I by-produate there am developad fwmulm for the explioit oaloulation 
of the main pELlneter a0 of the Kant solutlaar PB 8. fur&ion of & and a 
nuPlerfoarl~rifiaati~that,tbe value -lid fer ~11 6 , vifi. 1 +& --A 

1fE 2for 

the ratio of mean peeewe to bresoh p~ereu~ b%fOm ejeatia far atill aoourate 
even for rathsr large valuso of 8 0 TtiN6e meultr rbmld be umful in ordiaary 
Fe-eJtdlaP1 hlterfor ba1limtfWI~ 
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I. Introduction - a 

0 

1, The Maximum Velocity of Free Recoil 

The design of a system for damping the recoil of a 
gun requires a kaowledge of the maximum velocity that the gun 
would acquire if allowed to recoil with no retarding force 
whatever. The latter quantity, called the maximum velocity of 
free recoil, we shhll denote by the symbol Vrf, (The subscript . 
r denotes ~vrecoJ1~l and the subscript f "final'value~~ 
commonly determined by one qf two methods. Tie first)ccAki3fs 
in mounting the gun on rollers, designed to,be as friction-free 
as possible, and determining directly the actual velocity of 
recoil as a function of time. For this purypose some form of 
velocimetbr or chronograph is used. The second method consists 
in mounting the gun as a ballistic pendulura~and determining the' 
rise in the center of gravity of the whole System when the gun 
is fired. From this measurement the maxim- velocity is easily 
calculated for the free recoil of the compound system. To deter- 
mine the maximum velocity of free recoil of the gun alone one 
then assumes that the recoil momentum is independent of the mass 
of the recoiling parts. Such an assumption is equi'valent to the 
assumption that the gas pressure inside the gun, 'as a function 
of space and time, is indeasndent of the mass of the recoiling 
parts. The latter assumption is entirely ecceptable, in view of 
the known smallness of the effect of recoil on interior ballistic 
processes. If Mp denotes the total mass that recoils in the 
pendulum experiment and M, denotes the mass of the recoiling parts 
of the gun in an ordinary firing, the desired value of V8 is 

1' 
therefore given by the product of the pendulum velocity and the 
factor M 

ri 
/Mv. The roller method is used only for large caliber 

guns, while the pendulum mthod 'is practicable only for small 
calibers, although it has been used for guns as large as>the 
three-inch. 

2. ~~JOeity o&Escape of the Powder Gas. I' 
The results of such experiments are commonly presented 

by giving the value of a quantity called "the effective velocity 
of escape of the powder gas", donated by Ve. This quantity is 
defined by the following equation: 

;, */ MrVr$ = MVm + CV,, 
A. 

where: 





1 “I 
‘.q I 

‘0 

value* for Ve is therefore not justified. 

3. The Quantity K 

We define K by: 

K z Ve/Vm 

Then, from (I) and (2): 

MrVr 5 1 = (M + KC>Vm 

II. Theory of the Vplocity of Free recoil 

1. ihe Velocity of Free Recoil Before Ejection 

(3) 

Let Vrm be the velocity of the recoiling parts when the 
base of the projectile is flush with the muzzle. For values of 
E = C/M that are not too large (e.g. ~:<1/3), all theories of the 
motion of the powder gas give the value l/2 CV, as the momentum 
of the powder gas. 
by: 

The recoil ,momentum at this stage is then given 

M,V,, =’ (M + j$ ‘)‘m,, ** 

2. Additional Velocit9 of Free Recoil After Ejection 

A. Discussion of the 'Problem 

After the projectile has left the gun, there are 
still several forces acting that tend to change the momentum of 
the freely recoiling gun. These are 

The force due to gas pressure on the breech. 
The force due to gas pressure on the muzzle ring, 

e,e. the force due to the pressure of escaping 
gas acting on an area %(D;-Di), where D2 is the 

,ou,tside d$ameter at the muzzle and Dl the 
insS,clte ditieter. 

The drag due to gas friction on the walls of the 
chamber and the bore. 

The chambrage force, P.e.a the force due to gas 
pressure acting on the cqne aoining the chamber 
or cartridge cass.with the bore. Let Fig. 1 
schematize roughly the c 
case) and the bore of a 4 

amber'(or cartridge 
un. 

* E.g. the well knm texts by Tschappat, MacFarland, and Hayes, all suggest 
the value V, = 4m ft/ssc. 



Fig. l, Schematic representation of chamber and bore. 

The chambrage force, which is the resultant force due to gas 
pressure acting on the cone AB, is axial and points tow+rd the 
muzzle in the usual case where the chamber exceeds the bore in 
diameter. 

Of these fom forces(a) and (b) tend to increase the recoil 
momentum and (CA and (d) to reduce it. The ressure on the 
breech is the m@n factg;t;however, so that (b P , (c), and (d) will 
be negletst,ed L Effects (c):and (d) will mesumably be of importance 
only ,for small arms. (In large caliber guns gas friction is 
usuklly considered unimportant+and the ratio of chamber diameter 
to bore diameter is close'to'unity.)r In any case (b) will help 
to cancel the effects (c) and (d)#" 

In the following analysis,we let A denote the cross-sectional 
area of the bore,, neglecting any.departure of chamber cross-section 
from this valued,p the breech pressure, and tl the time measured 
fz-om ejection. ‘The recoil tiornentuQ added after ejection is then 

," 
7 

Mr(Vrf - Vrm) = * P dt (>5) 

T>he problem is thus,.reduced,to the calculation of breech pressure 
p as a function of time, after ejection of the priojectile. 

B. The &gQniot Theory 

Following a sugg,elstion by Corx#r**, we shall use a 
method due to Eha,goniotWW$~f~the calculation of p as a function of 
time. In this method one treats the efflux of gas after shot 
ejection as equivalent to the emptying of a reservoir through a 

* In thie connection of. Section.fi&$4, 
47 

e 17. 
+* J. Corm, k,C. 4.502, I.B. 201, on. 2 
*= Hugollflot, Coqp. Rend. mu 1002 (1886) 
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nozzle. In the usual resevoir problem one tykes the gas velocity 
to be zero in the resevoir; we shall therefore interpret resevoir 1 :; 
values as referring to ,the breech. Let p anti! p denote Lhe resevoir 
or breech values of presgure and density at time t and p and p 
their space-mean values. The subecript e wiJl,denote initial or 
shot eJection values. Let us now define rl and r2 by: 

P = r1; (6) 

P = r2y m 
We shall assume r1 and r2 to remain constant during efflux and 
therefore equal to their shot ejection values, which can be cal- 
culated from the theory of flow before ejection. With neglect of 
cmreations due to gas *erfection, 
given by: 

the rate of mass efflux is 

fP=A y (PP)“2 J (8) 

where y is the ratioS80f specific heats of the powder gas. Eq- (8) 
holds only when the ratio of external pressure to breech pressure 
is lees than a certain critical value, but by the time the breech 
pr~essure has fallen so low that this critical value is exceeded, 
the gun is practically ‘epptied of gas, so that no.appreciable 
error can occur an this account. The pressure, p and d>ensity p 
are connected by the adiabatic relation3 

pp-Y.7 p,p,-' , (9) 

If X denotes the ratio of the total volume from breech to muzzle 
to the area A of the bore, 'the differential equation for emptying is: 

Combination of Eqs.(6), (8),' (9), and (10) and integration with 
the initial condition p = p,mgive&,- 

where 

‘e 
P = p,(l +$)'- , 

s z (X/r,> & Y 
-l/2 +++qp ,p 

2 e e 

(10) 

) l/2 > (12) 





? 

analysis showed that k depends significantly on w) D, A, and To 
only, where 

WE web thickness of the powder 

D z effective caliber of the gun 

A = density of loading 

To z adiabatic flame temperature ofl the powder 

A least square fit of log k as a linear funotion of the logarithms 
*o of w, D, A, and 1000 - 1 gave coefficients close to +1, -1, -1, 

and -$- respectively. The final formula obtqtned was: 
I 

In Eq. (18) w and D are to be expressed in the sane units, A in 
gm/c& and To in degrees Kelvin, while k is a pure number. 
Eqs. (17) and (18) th en pertit the calculation of RITe. 

3. The Escape Veloc.itu for Small Values of the ,&tio of 
Charge to Projectile Mass 

Combination of Eqs. 
of the values rl = 1 and r 

(19) 

where f(r) is given by (16) ,and RlTe by (17) and (18). 

4. Extension to Values, of e as Large ias Unity 

for values 
We .BOW consider what changes have to be made in (X9) 

of E tkt &.re not ,small cornpared to 1. f For this 
purpose we~ruse the Pidduck*4SentW solution or the motion of 
the powder gas before ejec.tion. Reference is made especially 
to the treatment as developed by Kent. For convenience let 

1 -Sn 
Y-1 (a 

* Love and Pidduck, Phil. Tram. Ro . Sot. 222, 167(1922) 
** R. H, Kent, Phyafc@J, 319 (1936 . 3 
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Then the momentum of the powder gas just before ejection 
given by: 

Momentum = 3 C Vmh, 

where h is a correction factor close~to unity even for E 
It has the value: 

h = 3 [Cl-ao) 
-n-l - 1-j , 

where a0 is the solution of the equation 

2ao(n+1)S(l-ao)-n~' = a , 

where 1 

S - = 
J 

(1 - aor2)n dl.r , 
0 

a function of ao and n. 

Ekpansion g$ve&,: 

h =l-?a0 + k(n-6)aE + . . . 

,- , \, ,’ ) 1: 

is 

(21) 

= 1. 

(22) 

(23) 

(24) 

(25) 

We are concerned with values of n ab,,ut ,equal to 4 and with 
values of a0 less than 0.1 (for E = T , aox 0.1). 

Thus, to 1 part in lO$IOO.'j 

h=l- a0 2 (25.1) 

(The calculation of a0 wiJ.1 be considered Thortly.) 

Eq. (4) then becomes 

M,V,, = CM,+ 2 1 c)' v,' 

It leads to replacement in(l9) of the first term +, by h/2. 

We now have to consjder rl and r2 in (15). From Kent~s 
solution, we derive: 

(26) 

-lO- 



With the use of (23), 
table for the case n 

(24), and (27) we conatruet the following 

polynomial in ao): 
= 4 (for integral values of n, S is a 

Table I 

aO 
S e 1, l+ 

r2 -Y 1+0 2, 
(laluej:. of 

l-E/6 
(Value of l/r 
for very SmalZ e) 

i/r, fbr small & 

0.08 0.900725 0.8178 
0.10 0.878106 0.7522 
0.20 0.776940 0.2906 

As E diminishes, which is labeled 
in Table I as the value for Btsmall E". Of course, if E is 
3~&&&'& small can be expressed a/~ 1 - e/b, which is 
accordingly labeled in Table I as the valueiof l/r2 for "very small ~11. 
InspectSon of Table I shows that the value for "very small ~1' 
approximates l/r very poorly for values of E greater than unity, 
but that the val?le for lrarmall ~tr is only 4% in error for ii value 
of E a ii large as 4.7 and only 0.4% in error for a = 1.1. Thus 
for E - 1 we have, correct to .better than 0.2%: 

For rl Kent's soLutkon gfvest 

Expansion gives L =1 
5 

- :,a0 + a2 f . . . . 0 

so that 42 = 1 
3 

- t a, + &(13n -,18)at+... 

Gw 

es> 

(30) 

(31) 

,"or n = 4 &'d g' = 1.1 (so that aoz0.Q8], the quadratic term 
amounty only to 0.25. Thus, accurately enough for all values 
of E - 1, we have: 





Y 

#est-ejection term. We shall therefore compare it with ex- 
periment by multiplying the second term by a "fudge factor" F 
and calculating in each ca8.e the value of F that has to be 
assigned to obtain agreement with experiment, We have then: 

I(=$ 
l/2 

+ F h f++$ij) f ( Y )  (RlTe)1’2/Vm l (4-l) 

* III, Comparison with Ewneri~wat 

1. Kent~s,Pisina#,.in the 24Qgu &wider, Mn,del of 1918 Ml. 

These fitii ngs are reported fn Ordnance Technical Notes 
No. ~6%. The followingd a are relevant: ch@ber volume = 1790 ins, 
A = 71.11 in', D = (4 A)$&= 9.515 in, pyro powder. Other data 
follow round by ra&.: *a 

Rd. No.,, ,,,w(in> & + * @&ma) V,(f/s> V, (f/s) K 
it :*:;2 0.02825 0.04985 0.1546 0.2242 1021 822 %Z 4.966 3.704 ’ 

9 0:0488 . 0.06314 0.3450 1056 
11 0 l 0488 0.10453 0.5751 1546 

For 1 , To, and h we use nominal values for pyro powder, 
given by Hirschfelder, Kershner, and Sherman.** These are y = 1.228, 
TO 

= (2610 + 5/w) degrees Kelvin, and A= (303,000+600/w)ft.lbwt/lb, 
where w denotes the web thic&.nass in inches. (The correction terms in 
l/w allow for the effect of moisture and 
n = l/O.228 and f(l) = 1.3728. Table III 

iave 

denotes the coefficient of F in Eq. (4X). 

Table III 

Rd. No. k a 
0 h/2 l/S (RlTe)1'2 B F 

18, 0.4776 0.00259583 0.499 0.3323 f/s 4.176 1.07 
19 0.3293 0.00373645 0.499 0.3319 2;;; 3m402 0.94 

9 0.2932 0,.00573059 01498 0.3312 2735 3.559 1000?;0.01 
11 0.1759 0.00935453 0.497 0.3270 2642 2.349 1.00~0.01 

Mean = 1.00 



The ora&ues given for a0 are of course not really accurate to so 
many significant figures, but they are accuriately consistent with 
the values of E and Thus loss of accuracy by subtraction 
is avoided in Eq. (33j'for l/8. For rounds 9 and 11 the values 
of V were given only to the neareat hundred feet per second, i.e.a 
to 172 part in 4.4 or to lb, so that the carresponding values of F- 
are uncertain by 1%. The mean value of F comes out exactly 1.00. 

2. gastorfzals Firingg$,n.the 3" $eaco@st GunJ Model of 1.898 

These ballistic pendulum firings are reported in the r"irst 
hogress RepaDt on Ordnance fro 2337-2, Was hflector 
for Reducing Necoil in Guns", The data follow! 

Projectile mass M,F 15.00 lb, 

From tie. 1676, "Table of U.S. Army Cannon, qarriages, and PrOjeCtiles”, 
March 24, 1904, Revised YWK 15, 1924: 

Chamber volume = 200 in3 

l 4 .  

= 7.279 in' 
= 3.044 In I 

No information was given about the pa All powders at I 
that time, however, were pyre powders and bove cannon table 
gives as the typical web thickness w = 0.0 Hirschfelderl s 
ntminal values are then 

= 316,000 ft.lb.wt/lb. 
pees Kelvin, and 
-?. Various charges 

were fired without a gas velocities were 
taken only on rounds 16, ge C = 5.00 lb. 
The mean value was Vm = 1 = 2654 ft/sec. 
Rounds 14, 15, 19, and 27 were the only sucdessful*rounds at a 
charge of 5 lb. without a gas deflector, but no muzzle velocities 
were taken on these rounds. We shall, however, use the above 
value Vm = 2654 ft/sec for these rounds also. Various recoiling 
masses were used. As discussed in the intr ductfon, however,, the 
recoil momentum is expected to-be independe 
appropriate to use an average value. The i 

t of M,, so that it is ' 
v lues of M V r rf. in slug 

ft/sec were respectively 1970, 1942, 1970, nd 1974, the average 
being 1964 slug ft/sec or 63,lS0 X&'fQ&sec..tkEq(l) then gives: 

1 
5 V, + 15(2654) = 63,190, (42) 

leading to V, = 4676 ft/sec and K = 26;; = 1.762, + 

+f,... $&ttiakWn then gives E = l/3, a = 0.6921 gm/cm3, I 

* i.e. successful fn giving reliable values for recbll velocity. 



k= 0.4393) a0 = 0.0276919, 5 = 0.490, l/a = 0.3224, 

(RITep = 2538 ft/sec, B = 1.318, and k’ = 0.97. The check 
is again very good. 

3. Small Arms 

For small hrms we use some ballistic pendulum firings 
reported by Kent and Hitchcock.* These firings were all with 
IMR powder for which the nominal constants are y = 1,246, To=2795 
degrees Kelvin, h = 334,000 ft.lb.wt/lb.,f(v) = 1.3547. 

A. Caliber 0.50 Machine Gun (M19EZl A,A.) 

lInta: W = 0.022 in Calculated: Ed = 0.3403 

v, = 2500 ft/sec A~ = 0.922 gm/cm3 

'e = 4479 ft/SeC k= 0.908 

c= 245 grains “0 = 0.0299791 

M= 720 grains $1 = 0.490 
A = 0.2011 in2 l/S = 0.3224 
D = 0.506 in. ( lil'Ie) 1'2 = 2488 ft/sac 
Chamber volume = 1.05 in3 B = 1.354 

K’ = 1.872 

E = 1.02 

The agreement is better than would be expec/ted. 

B. Caliber .30 

Dnta: W = 0.012 in Calculated: E'= 0.2895 

%l = 2600 ft/sec A = 0.797:16gm/cm3 

C = 49.8 grains k= 0.947 

M = 172 grains aO = 0.0259090 

A = 0.07355 in" h - = 0.491 
D = 0.306 in 1;6 = 0.3239 
Chamber volume = 0.247 in3 (RIT,) 1'2 = 2211 ft/sec 

B ~= 1.157 

+ h. H. Ko t and 8. P. Hitchcock 
NO. 171 rorfginal date April 53 B 

ellistic Re ea oh Labor&to 
929, reviaec! l&January 19hT)r(eport 



We obtain 

1.157 F = ,$$ - 0.491 (Ve in ft/sec) (43) 

i The following table gives values of ve from the above report with 
the resulting values of F. 

Table IV 

Gun Special Remarks 

Automatic Rifle 

Cal. 0.30 M 1915 &fiddle Gas Port 

Small Gas Port 

Rifle Cal.0.30 
Ml903 First Barrel 

Second Barrel 

Machine i;un 
Cal.O.30 Ml917 

4* Discussion of the Results 

% F 
ft/sec 

41q Q-94 

3710 0.81 

39q 0.87 

3724 0.81 

3839 0.85 

Mean = 0.86 

Table V summarizes the mean values of F. 

Table V 

QlJ 

2AOrn.m Howitzer 
Model of 1918 Ml 

MeanF ~ 

l.OQ 

3" Seacoast Gun 
Model of 1898 0.97 

Caliber 0.50 1.02 

Caliber 0.30 0.. $6 

Neglect of gas friction and of the chambeage effect is 
expected to be the most serious in the case of the smallest 
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t 
- 

‘I 

calfbersF with a corresponding overestimate of the recoil 
momentum after ejection and a resulting Smarllelr,.~~~uei.::,fo~.F. 
It is therefore very reasonable that the value for the caliber 
0.30 comes out somewhat lower than the others. The larger value 
1.02 for the caliber 0.50, however, is un@piected, but it is. 
based on only three rounds as compared with thirteen for the 
caliber 0.30. 

It is appropriate at this point to say a little more about 
neglect of the chambrage effect. In small arms the ratio of the 
cross-section of the chamber to that of the bore may amount to 
as much as 2. It might therefore seem surprising that neglect 
of the retarding force on the Joining cone,does not lead to very 
serious error in such cases. The answer i that our assumption 
of a uniform cross-section equal to that o the bore largely 
compensates for this effect, since it assi ns too small a value 
to the area of the breech. If there were o pressure drop between 
the breech and the entrance to the bore, t e compensation would 
be exact. Actually the latter drop is on1 

1 
a small fraction of 

the total pressure drop frombreech to muz le, so that the com- 
pensation, although not complete, should be almost so. 

For guns other than small arms it app ars 
llnity should be satisfactory for F. Thus 
with no empirical correction factor, i 

that the value 
e may use Eq. (40) 

IV. j$wmarY 

For guns other than small arms the effective velocity of 
escape V of the powder gas after ejectfon8is given by the following 
equation! 

l/2 
K E v,/v, = 4 @T,) 1’2/Vm 

vm E muzzle velocty 

E z ratio of charge weight to projectile weight 

Y E ratio of specific heats of the powder gas I 
h = 1 - 2 ao, where n E l/(y-1) ~ 

I 

aO 
is given by calculating the foliowing quantities: 

(40) 

(25.1) 

(34) 

(34) 

(37) 



Then 
b a0 '= - l+b 

RlTe E k - 
I 

where 

h z specific force of the powdery 

k, = lJ2 

W#S web thickness of the powder 

DF@ffective caliber = ($ bore cross-section) l/2 

I 

07) 

W) 

(w and D are to be expressed in the same units) 

A z density of loading in gm/cm' 

To E adiabaiic flame temperature of the potder in degrees Kelvin 

l/b = l (& - 6) 2n+3 a0 

Equation (40) bars Been shpm to be sa isfactory for large 
caliber guns fop values of e as Large as 1 

E 
3. For vaSue;s of E 

less than 0.1 it is safbciently accurate o use h = 1 and 6 = 3. 
The somewhat lengthy cal@ation 08 a, can~then be omitted, It 
was desired to obtain a&equation which would be datisfactory for 
values of E as large as #l. For such a value of E, h is about 0.95 

l/2 
does not have to be modified3 the 

extension to ouch Falue$ of e does not therefore involve more 



than about a 5% correction. 
itself shquld be 

&en if the 1 correction 

w0Ll.d be only 1%. 
in error by as rrauch as 20 the added error 

The equation is 
satisfactory for values of e as large as 

af@ected to he 

v John P. Vinti 





to high accuracy by successive approximations. 

&(!8) neglect of the term in b 3 give5 as a first approximation 
: 

bl = & kl f 4 n E)l/2 -1 1 (B19) 

insertion of bI into the cubic term in (AS) #gives 

b+b2=E- 4 n(n-l)bi i,El 

Solution of (AlO) then gives: p 

b= 

w 

nm 
Eq. (All) completes the derivation of the method. For n = 4 and 
E = 1.3005359 the value of b is known to be, 0.10000000. The 
above approximate procedure gives b = 0.09998477 and ao=O.09089650, 
to be !eompared with the accurslte'a, = O.l/l~,l = 0.0909,0909. 
The errSor is only 1 part in 7000. By Eq. ((33) the accurate and 
approximate values of a, give respectively Ifor l/s the values 
0.3010 and 0.3011. 
calculation of b 

The above progedure is thus adequate for the 
for values of E - 1. 

It may be asked why the procedure gives b correct to 0.015% 
ihen the cubic for E gives an error as e as 0.2%. The answer 
is clear. For a given value, of E, bb overestimde for b 
because of neglect of powers higher'than ". Use of bl in the 
cubic term thus overestimates the latter, thereby compensating 
for neglect of powers higher than the cubic. 
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ze 
Rl 
5 

- r2 

S 
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T e. 
t 

'e 
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W 

X 
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